Abstract. A formulation of Saint-Venant's principle within the context of a restricted theory of nonlinear plane elasticity is described. The theory assumes small displacement gradients while the stress-strain relations are nonlinear. We consider plane deformations of such an elastic material occupying a rectangular region. The lateral sides are traction-free while the far end is subjected to a uniformly distributed tensile traction x > 0. The near end is subjected to a prescribed normal and shear traction. If this end loading were also that of uniform tension, then one possible corresponding stress state throughout the rectangle is that of uniform tension. When the near end loading is not uniform, the resulting stress field is expected to approach a uniform tensile state with increasing distance from the near end. This result is established here using differential inequality techniques for quadratic functionals. It is shown that, under certain constitutive assumptions, an energy-like quadratic functional, defined on the difference between the deformation field and the uniform tensile state, decays exponentially with distance from the near end. The estimated decay rate (which is a lower bound on the actual rate of decay) is characterized in terms of the load level x , the domain geometry, and material properties. The results predict a progressively slower decay of end effects with increasing load level x . The mathematical issues of concern involve spatial decay of solutions of a fourth-order nonlinear elliptic partial differential equation.
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1. Introduction. The formulation and analysis of Saint-Venant's principle in finite elastostatics continues to attract attention. A version of Saint-Venant's principle within the framework of finite antiplane shear-the simplest possible setting within the theory of finite elasticity-was established in [1] , As was discussed in [1] , the issues of concern in connection with Saint-Venant's principle in the nonlinear theory of elasticity are considerably more involved than those arising in the linearized theory. (For a survey of results on Saint-Venant's principle, primarily for the linearized theory, see, e.g., [2] [3] [4] [5] .) One difficulty is that the appropriate Saint-Venant solutions need to be carefully characterized (see, e.g., [6] [7] [8] [9] [10] [11] [12] [13] and the references cited therein). Secondly, in the absence of superposition, consideration of self-equilibrated end loads is no longer sufficient. Furthermore, instabilities may have to be taken into account. Also the decay rate for end effects, even if exponential, might depend on the overall loading as well as on geometry and material characteristics. Several of these issues have been considered in studies in the nonlinear elasticity context [1, [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] 42] as well as in investigations of spatial decay of solutions of nonlinear elliptic partial differential equations [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] , The latter results may also be viewed as giving rise to principles of Phragmen-Lindelof type.
The mathematical issues considered in [1] are concerned with the spatial decay of solutions of a Neumann boundary-value problem for a second-order quasilinear elliptic partial differential equation on a two-dimensional semi-infinite strip. The physical problem is that of finite antiplane shear of an isotropic nonlinearly elastic cylinder with a semi-infinite strip as cross-section. The long sides of the strip are traction free, while the near end is subjected to a prescribed shear traction. At infinity in the strip, the displacement is that of a simple shear with constant shear stress r equal to the average shear stress generated at the near end. An estimate for the rate of exponential decay of stresses to this constant average value with distance from the end was obtained in [1] , The decay rate, which depends on the strip width and the strain-energy density of the material (as in the linear case), was also shown to be dependent on the overall loading of the strip, measured by r . The special case r = 0 corresponds to the situation where the near end loading is self-equilibrated. This is the only case of interest in linearized elasticity. The results of [1] were obtained using arguments based on comparison (or maximum) principles for second-order quasilinear elliptic partial differential equations. An analog of the problem considered in [1] for a rectangular domain was investigated recently by the present authors [26] using an energy approach. Such methods, establishing the decay of certain quadratic functional (i.e., functions of Lyapunov type) with distance from the loaded boundary, have been extensively used in investigations of Saint-Venant's principle (see, e.g., [2] [3] [4] [5] ). This approach is widely applicable in contrast to arguments based on the maximum principle which are generally limited to second-order problems (see, e.g., [33] ).
The purpose of the present paper is to investigate similar issues in the context of a restricted theory of nonlinear plane elasticity. It is assumed that the displacement gradients are small so that the classical linearized strain measures are used while the stress-strain relations are nonlinear (such approximate theories have been widely used, for example, in plasticity theory). A Saint-Venant principle for another approximate theory of nonlinear two-dimensional elasticity has also been investigated recently by Breuer and Roseman [15] , following on earlier work of Roseman [42] , See also [19, 21] for a treatment of Saint-Venant end effects within the theory of small deformations superimposed on large. In Sees. 2, 3 we formulate the boundaryvalue problem to be studied. We consider plane deformations of an elastic material occupying a rectangular region. The lateral sides are traction-free while the far end is subjected to a uniformly distributed tensile traction r > 0 . The near end is subjected to a prescribed normal and shear traction. If this end loading were also that of uniform tension, then one possible corresponding stress state throughout the rectangle is that of uniform tension throughout. When the near end loading is not uniform, the resulting stress field is expected to approach a uniform tensile state with increasing distance from the near end, and this is the issue investigated here. It is convenient to formulate the basic problem using an Airy stress function approach. This formulation is described in Sec. 2 together with constitutive equations relating stresses and linearized strains. This leads, in Sees. 2, 3, to a boundary value problem for a single fourth-order nonlinear partial differential equation. The main results of the paper are established in Sec. 4. It is shown there that, under certain constitutive assumptions, an energy-like quadratic functional, defined on the difference between the deformation field and the uniform tensile state, decays exponentially with distance from the near end. The estimated decay rate (which is a lower bound for the actual rate of exponential decay) is characterized in terms of the load level r, the domain geometry, and material properties. In Sec. 5 an illustrative example is considered and the special case of self-equilibrated loading (t = 0) is examined. For the class of materials considered in this paper, results similar to those obtained in [1, 26] for hardening materials in antiplane shear are obtained. In particular, the results predict a progressively slower decay of end effects with increasing load level x . Some extensions of the main results are briefly outlined in Sec. 6.
2. Plane deformation of a rectangular region. We are concerned with plane deformations of an elastic material occupying the rectangular region R = {(xt, x,)|0 < x, < /, 0 < x2 < hj , / » h , where (x, , x2) are rectangular Cartesian coordinates. The long sides of the rectangle are traction-free, the far end x, = / is subjected to a uniformly distributed tensile stress x > 0 while the end x, = 0 is subjected to a prescribed normal and shear traction. Thus, denoting the stress components by rafi(xi > x2), where xafj = xpa , we have t12(x, , 0) = t22(x, , 0) = 0, t12(Xj , h) -t22(x,, h) = 0, 0 < x, < I,
2) 3) where the given constant x is nonnegative and the prescribed functions f, g are continuous on [0, h] and, to ensure continuity of shear tractions on the boundary, it is assumed that
The equilibrium equations, in the absence of body forces, are
The usual Cartesian tensor notation is used here and henceforth, with a repeated Greek subscript indicating summation from 1 to 2 and a subscript preceded by a comma denoting partial differentiation with respect to the corresponding coordinate. Equilibrium, together with the boundary conditions (2. we obtain, on assuming the invertibility of (2.19) , that for some function e1 = 9r(q2). (2.20) Equation (2.18) has precisely the form of (2.14), on setting
The fourth-order nonlinear partial differential equation (2.14) has thus been shown to arise in two different constitutive settings. While these are subject to the limitation of small displacement gradients, the formulation of the present problem (and indeed the general plane problem) in terms of a single function cf> satisfying (2.14), rather than in terms of three stresses satisfying a coupled system of partial differential equations, is of mathematical interest.
It remains to express the boundary conditions (2.1)-(2.3) in terms of <f>(xl, x2). On using (2.9), these boundary conditions can be written in terms of second derivatives of $. They can be integrated once and assuming continuity of </> a on the boundary, can be shown (with the aid of (2.6) , , (2.7)) to reduce to
,(x, , h) = 0, (f>tl{xl,h) = Th, 0 <x,</, (2.22) (j> , (/, x2) = 0, <t> 2(l, x2) = tx2 , 0 < x2 < h , (2.23)
On integrating (2.22)-(2.24) once more and assuming continuity of cf> on the boundary, it can be shown, with the aid of (2.6) 2, that one obtains
where the prescribed functions F , G are given by
y virtue of (2.6), (2.7), it is seen that F and G must satisfy
We observe that if /(x2) were constant on [0, /?] (so that / = t) and g = 0 on
[0, h], we then would have F = tx2/2 , (7 = 0, and the state of uniform tension (2.8) would correspond to
It is readily verified that 4> given by (2.32) would satisfy the differential equation (2.14) and the boundary conditions (2.25)-(2.28). When / is not constant, we expect the solution of (2.14), (2.25)-(2.28) to approach (2.32) as x, increases.
3. Statement of the boundary-value problem. The problem of plane deformations of the rectangular region R under tensile loading has been shown to reduce to a boundary-value problem for the fourth-order partial differential equation (2.14), which for convenience is restated here. We are concerned with solutions (p{x] x2) of the equation in*< (3.1)
subject to the boundary conditions
The prescribed functions F , G are such that
We assume the existence of solutions </>(x,, x2) of (3.1)-(3.8) that are four times continuously differentiable in the interior of R and twice continuously differentiate on its boundary. 4 . Decay estimates for a quadratic functional. In this section, we establish our main decay estimate for solutions of (3.1)-(3.8). It is shown that the quadratic functional
contained in the subdomain R_ = {(x,, x2)|0 < z < x{ < 1, 0 < x2 < h) decays exponentially in z , where the function y/{xx, x2) is defined by
Thus E(z) can be viewed as a "weighted energy" associated with the difference between , x2) and the state of uniform tension (2.32). The hypotheses that we make concerning p are as follows. It is assumed that there exist positive constants m and M, and a nonnegative constant K such that, for all solutions of (3.1)-(3.8) we have
where S is a constant such that 0 < <5 < 1. In this case, we may take m = 1 , M -1 , A' = 1 , and 8 = \ . The function a(t) in the hypothesis (4.5) can be taken to be zero when p is a monotone nondecreasing function of its argument since the left-hand side of (4.5) is then always nonpositive. Thus, in particular, when p is given by (4.6), we may take o{t) = 0. It should be noted that (4.3), (4.5) do not imply that Eq. (3.1) is elliptic, although this is the case of primary interest. We now proceed to establish our main result, namely that
is a function of x (to be determined) which depends on the strain-energy density. We call 2k the estimated rate of energy decay; it provides a lower bound for the actual rate of decay. The constant
depends on the quantity E0 = E(0), which is the total energy contained in the rectangle R . It is shown in Appendix B how an upper bound for in terms of geometry, boundary data, and strain-energy density of the material may be obtained.
To establish (4.7), we first derive the integro-differential inequality rl E + y J E{s) ds < A{-E' + yE) + B{-E' + yE) , (4.10) where A, B, and y are positive constants, and the prime denotes differentiation with respect to z . Inequality (4.10) will be shown to hold when the constant K in (4. 3) is positive. The result (4.7) is then obtained on integration of (4.10). When K = 0, the result (4.7) will be derived in a different way.
Denoting by L_ the line segment x{ = z, 0 < x2 < h , we find, with the help of the divergence theorem and (3.3)-(3.5), (4.2) , that
Jr.
On using the differential equation (3.1), (4.2), and the divergence theorem together with (3.3)-(3.5), we may write (4.11) as
where we have introduced the notation v{x., x2) = tXj/2 = v{x2). (4.13)
Employing the hypothesis (4.5) with s = q, t = r to obtain an upper bound for the last integral on the right in (4.12), we then find by virtue of the facts that
T =V,afiV,ar *9 = iv ,«ftV ,ap) W ,yg) ^V,aP<t>,ati ■ (4*16) Recalling (4.1), (4.13), we thus find from (4.14) that
An integration of (4.17) leads to 
The hypothesis (4.3) is now used to obtain upper bounds for the integrals and J2 in terms of E(z) and E\z). We find, in fact, that On insertion of (4.29) in (4.27) and recalling from (4.3) that p > m , we find that
<2~\k\m)~XI2{jR PV.,,^.' where the arithmetic-geometric mean inequality has been used to obtain (4.32) from Since y -0 on three sides of the rectangle R_ by virtue of (4.2) where a is an arbitrary positive constant. Choose / = p(<j> ln<j) lft) {V/jVp) and g = p^2((f> ,"</> i7)'^2(v ^ ^)^2 in (4.39). Thus we find that
where (4.33) has been used to obtain the final inequality in (4.40). On using (4.40), 
and so, on using the inequality (4.38), we find (4.67) where kl > 0 is an arbitrary constant. Employing the inequality (4.67) with F chosen to be E and -E in turn (with constant k-, > 0), we may write (4.63) as k^E(z)+ j' E(s)ds 2 We remark here that there is an alternative way of proceeding from (4.86) to arrive at an estimate of the form (4.89). In this alternative result, the multiplicative factor preceding the exponential is smaller than (4.91) but the estimated decay rate is also smaller than (4.90) and depends on the quantity H(0). To derive this alternative result, we first observe that for b > a > 1 , On comparing (4.98) with (4.89), we see that the multiplicative factor preceding the exponential in the former is smaller but the estimated decay rate in (4.98) is also smaller than that of (4.89) and depends on H(0). For these reasons, we shall henceforth confine our attention to the result (4.89). It remains to consider the case when K -0 in (4.3). In this case we find from The estimated decay rate given by (4.90) can be written explicitly as where is given in (5.8). Thus, for the material (5.1), we have the decay estimate (4.7). with decay rate k given by (5.12).
It can be readily verified from (5.12), (5.8) that k = k*(r)/h is a decreasing function of i as t increases, and that k(z) ^0 as t -> oc. Thus the results predict a progressively slower decay of end effects with increasing load level for the material (5.1). An analogous result was obtained, in the context of antiplane shear deformations, in [1, 26] for power-law materials which are hardening in shear. For the special case of self-equilibrated end loading where r = 0, we obtain from (4.2) that y/ = (p. In this case, we find from (5.12), (5.8) where A is given by (4.80). The expression on the right-hand side of (4.80) involves the constant C, given by (4.64), and given by (4.76). It can be shown that as t -> oo, k(t) -> 0, again predicting no attenuation of end effects in this limit.
It should be noted that, while the estimated decay rate k given by (5.14) for general materials depends on the load level t, in the special case when K -0 in (4.3) so that p is a bounded function of its arguments, k is independent of t . This can be seen immediately from the explicit result for k given in (4.115).
6. Some extensions. We present here a sketch of some possible extensions. The first treats the same physical problem but with an assumption on p which is different from (4.3), and the second retains assumption (4.3), but considers instead of the tension problem the case in which the rectangle is subjected to a uniform shear on the long sides and on the far end. We do not investigate the shear problem under the new assumptions on p but we anticipate no difficulty in carrying through the required analysis in this case. Finally, an extension to some other boundary conditions is outlined.
We note that the analysis of the previous sections could not be applied if p were, for instance, of the form p = (\+q2)~a, 0 < a < 5 , (6.1)
since for such a p we could not determine a positive constant m in assumption (4.3). In [28, 29] the authors showed that similar decay results could be obtained in related second-order problems regardless of whether a hypothesis of type (4.3) is imposed on p or imposed on p~x . Following this idea we now show that, for the fourth-order problem of concern here, if instead of (4.3) we impose the hypothesis 0 < ffl, < p~% < Mx +Kl(pq1)l~S , 0<S< \ (m, >0, > 0, K{ > 0), (6.2) it is possible to again arrive at an inequality of the form (4.68) with, however, somewhat different constants. Then following the subsequent steps in Sec. 4 we would obtain the desired exponential decay. Before proceeding we remark that (6.1) satisfies (6.2) with m, = Ml = Kx = 1 and 8 = (1 -2a)/(l -a).
The proof of our result under hypothesis (6.2) follows precisely the same lines as the proof using assumption (4.3) up to and including (4.20) , but now instead of (4.21) we use the bound
We have used the left-hand inequality of (6.2) and the fact that (p 1<t = ¥ ia > as To obtain the last inequality in (6.4), we have also used y/ yj (i^ > y/ aay/ ^^g/2. To complete the bound for fR y/ ny a dA we thus need to bound the two quantities fL y/2{ dx2 and fR p~X y/2 dA . Proceeding as in [28] , using a change of variable in the cross-section, we have Thus, on using (6.2) we find
where the second inequality has been obtained using (4.24) and the final inequality follows on using Holder's inequality. Combining (6.6) and (6.7) we find
with the obvious definitions of the constants At and A2 .
To bound p~' y/2 dA we use (6.2) to write
JR. ' (6.9) where the definition of A} is clear. We have used (4.24), Holder's inequality, a version of (4.29), and the Sobolev inequality (4.36) with Sobolev constant Q(l/5).
We now insert (6.9) and (6.8) into (6.4) and solve to obtain j|R V,aV,adA^
for computable Bt . Note that the B: are independent of t. Thus (6.10) and (6.3) provide a bound for J2 in terms of E(z) and E\z).
To bound the Jx in (4.20) we note that
where p > n/h is again the first Stekloff eigenvalue for the rectangle. Using (6.10) we obtain the desired bound for J, . We next insert the bounds for Ji and 2 J2 into (4.20) and after simplification obtain
If we now make use of arguments analogous to (4.67) (for different exponents) we can find computable constants C( > 0 such that
which leads directly to an inequality of the form (4.68). From the way in which t comes into the inequality (6.13) it can be seen that the decay constant k = k*(r)/h in the final estimate (4.7) is again a decreasing function of t as t increases and that k(t) -► 0 as r -> oo .
The second extension we consider is that of a shear loading problem rather than the tensile load problem formulated in Sees. 2 and 3. Thus the boundary conditions Thus, when g / constant, we are interested in the spatial evolution of the stresses to the uniform state (6.20) .
On integrating the boundary conditions (6.14)-(6.16) twice, we arrive at the final boundary-value problem for (f> analogous to that of Sec. 3. Thus we are concerned with solutions of (3.1) subject to the boundary conditions (j>(X,, 0) = 0, </> 2(x,, 0) = rx,, 0 < x, < / , (6.22) (f>(Xy, h) = t/zXj , ((> 2(x, , h) = tx,, 0 < x, < /, (6.23) </>(/, x2) = t/x2 , (j) ,(/,x2) = tx2, 0 < x2 < h , (6.24) cf>(0 ,x2) = F(x2), <f> x{ 0,x2) =G(x2), 0 <x2<h. (6.25) Here the functions F and (7 are again given by (2.29) in terms of the / and g of (6.16) As in Sec. 4, we now define a quadratic functional E(z) by (4.1), where \f/ is defined by , x2) = 4>{xl, x2) -, x2), v = tx1x2, (6.28) and seek to establish a decay estimate of the form (4.7). We assume that p satisfies the hypotheses (4.3), (4.5) . It turns out that we also require an additional assumption of the form (4.5), namely that for a fixed value of the argument 5 and for arbitrary values of t Ip(s2) -p(t2)\\s + t\ < c[p(s2) + P{t2)]\s -t\ (6.29) for some nonnegative constant c. We note that when p = 1 + q", we may choose c = 2 in (6.29).
An estimate of the form (4.7) for the present problem again follows from an integro-differential inequality of the form (4.63). To establish the differential inequality, we find on using the divergence theorem and (6.22)- (6.24) , that (4.11) still holds. As in proceeding from (4.11) to (4.17), we find here that
The difference between (6.30) and (4.17) is due to the fact that here v = f(jc,, x2) (see (6.28) ) while in Sec. 4, v = v(x2) (see (4.13) ). An integration of (6.30) now leads to
where the divergence theorem and the boundary conditions (6.22)-(6.24) have also been used. The right-hand side of (6.31) is now written as
and thus we find for some constants C, and C2. Thus, on using (4.62) and (6.37) in (6.35) one arrives at the desired inequality of the form (4.63), from which one can proceed formally as in Sec. 4 to establish a final decay estimate of the form (4.7) for the shear problem.
We have also developed the method to handle some other boundary conditions. For instance, we may consider the case in which the long sides of the rectangle are subjected to a uniform tensile traction r > 0, and the far end is traction free. The mathematical problem is quite similar to that of the shear problem. The solution corresponding to a traction-free near end is given by the particular solution <t> = xx]l 2 (6.38) of (2.14). For nonzero (but necessarily self-equilibrated end tractions) we are again concerned with the decay of E(z), where y/ = <p -v , v -rx, /2 , and 0 satisfies •/, = ^c + 1 ) IP{Q2) + P(.?2)]W>apVtap\XI2W\dx2. (6.40) The decay estimate now follows as before. More generally if v(Xj, x2) is any solution of (2.14) and <j>(xx , x2) is any other solution of (2.14) satisfying the same Dirichlet boundary conditions as v on the long sides and far end of the rectangle, then the arguments of this paper may be modified to show that (j> -v decays exponentially in energy norm as x, increases. Letting Appendix A. The Sobolev inequalities (4.36) and (4.54). Sobolev inequalities of the form (4.36) are well known for very general domains provided that if/ has compact support. In our problem (// does not vanish on L_. For this reason and since we wish to obtain an explicit bound for the constant Q(1/<J) appearing in (4.36), it is convenient to appeal to a direct proof of (4.36) for the rectangular domain R_ of concern here. Similar issues were considered in [41] , In what follows for simplicity we present a derivation of the scalar version of (4.36). The same arguments for vector functions would yield (4.36) with the same value for the Sobolev constant. When the constant K in (4.3) is zero, i.e., when p is not only bounded away from zero, but also bounded above, we can read off the results from our previous computations. As was marked at the beginning of Appendix B, the decay estimate The insertion of (B.31) into (4.113) then yields an explicit decay inequality in the case K = 0 .
We remark that the constants a and b, introduced in (B.7) and (B.23) respectively, are still arbitrary. Ideally, one would like to choose these constants to minimize the bounds on E(0) (when K = 0) and on H(0) (when K ± 0). However, any choice for a, b (> 0) will yield explicit bounds on these quantities.
